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ABSTRACT

The following two multipie integrals are evaluated

m-l ®y =1
oI g, K()Lr)dHKp[x(,\l...)\m_l) ] .
r=1 v

0 r r

Also the asymuptotic behavior of the two integrals as le —-0

and as ixl——w is given.




MULTIPLE INTEGRALS INVOLVING PRODUCT
OF MODIFIED BESSEL FUNCTIONS OF THE
SECOND KIND

F. M. Ragab

1. Intrcductory. Ii is proposed to establish the two following integrals:

P
If m—l—’ 3’ 4’, -00,

m-1 fw kr—l [ %
A K (AM)dx K -
=l 0 r pr r T pl'\lAZ"'}.\m—l)
m-1
Z k +1-2m
r=1 °
=2
.:. k.~ RS 17
x L Z S| "1 km—l -l km—l m-l p o -8 8 xz
2- - 2 27Tz Tz iz 2

, eee (D)

where x is real and positive and the symbol Z means that in the expression
i, -1

following it i is to be replaced by -i and the two expressions are to be added.

If R(kr:‘-'vrip)>0, r=12, ..., m1 ,

m-1 o k -l

r .

oS AT K O AN KN A L h )
r=1 O r

z k -Zm+l B

._l —
_ 2r .. E .l (ZZm 4X2) 2

sin pw
y B
-— - -— :h 3
x}:[—kﬁ N W W ka1 Vma ™ Ko ma ™ e F
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L 1 - p‘ -

(2)
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where m =2, 3, 4, ..., x is real and positive and the symbol Z has the
B, =R

same meaning as before. The function appearing in (1) and (2) is Mac Rebert's
E-function, the definitions and properties of which are to be found in [1];

pp. 348-352 and in [2]; pp. 203-206. The following formulae will be required
in the proofs:

If R(sxp) >0, then ([3], p- 197 and p. 7)

o0
J ¥k (0 an =250 (32 nE, (3)
0 o 2 2
1 Cieo s-2 stu S~ -s
K}L(x) =5 fc_ioo 2”7 i 5H) r(——E2 ) x > ds { 4)

If P>aq+1, then ([1], p. 409)

E(p;e - q;p_ - )“f‘ ' (a_-a){T(p, - )}-lI‘( ) T
Pidp- APy - 2 -r_-:'l se) S T PyT % %! 2

- - .r_n P4
rar, @-pitl, ..., a pq+l,( © sz 5

XF
L Q’r"al'i‘l, e e 0 *Ouo, ar—ap+l

1 . . . C ege
where |arg zl <-2- {p-q+1l)w; the prime in the product sign signifies that the
factor for which s =r is left and the asterisk in the F function means that the
parameter ar - afr + 1 is omitted.

If p<gq, then ([1l], p. 352)

1
r(a)-or r(a) a * 3 a -
. . _ 1 D i Pp’ oz
E(p,afr.q, ps'z)'-l"(pl)...l“(p) F (6)
q pl’ )pq

If m is a positive integer
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L1
2 2 mz

( z) r(z+%l) I‘(z-i—'m—r;-l-) =(21r)2 m I'(mz) . (7

If m is a positive integer, then ([ 4], p. 759)

1 . . iw
Z '{'E(p; marr.q,- mps.ze ) =

i, -i
1 1
-5 (m-1)(p-q-1) m(Za -Zp_)-=(p-q-])
2 r S 2
(27) m
r
1 m-1 1  m-l . m 11r'\
%, al—}-m,...,al-!- m ,...,ap,ap-rm,...,ap-.— ™ ( p-q _1)
v 1
X L '1_E< p_+m-1 >
i,-i 1l 2 m-1 l m- J__l_ qa_
P m? ,pl,p, ,...,pl m ,...,pq,pq T m
- J
1
where p>q+1 and larg zl <-2-(p-q-1)1r . (8)
If |arg z| <-lz-(p—q+l)w, then, ([1], p. 374)
D
I (e -£)
r=1 r g
Bpia lgye l2) =50 JT(H)E 2° dt (9)
II1‘(9 -£)
t=1

where the integral is taken up the p-axis, with loops, if necessary, to ensure

that the pole at the origin lies on the left and the poles at o, @yy ooy ap to

the right of the contour. The contour must be modified if p<v+1 and p=q+1,

lzl <l

Also the proof depends on the expression in terms of E-function of the gen-

eralized E-function
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E =
;ps/ ap-l—r
p m
L Y T Nt -
s ST = . 2" dt (10)
I Do) N TiE-e, +)

where £ and m are positive integers and the contour passes up the nm~-axis
from - to +o, with loops, if necessary, to ensure that the poles of the in-

tegrand at the origin and at p 1, p I, ..., p -% lie to the left and the

q+l q+2 g+m

poles at @y Ay eee, ap to the right of the contour. When necessary the con-
tour is bent to the left or to the right at both ends until it is parallel to the
£-axis.

This expansicn ([1}, p. 419) is

P5 % Im;pq+s.z £
m-£ .
E = II sin{x + )
L r=] i
S pir
m
I cosec(pq+SW) E(p+4; ozr: q+m; ps: wz)
s=l
2
I sin(p_, —a_ )W
m e q+s pir p -1
'Z 0P r=1 - z q+s
s=l sin(p 7 N'sin{(p  =-p_ )7
qts t=] yts g+t
/, . - .
pti; a pq+s+l . WZ
X E (11)
- - >:<. . -
2 pq+s’ P pq+s+l"" ) pq+m pq+s+1
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where the prime and the asterisk derote that the factor sin(pGI *s-pq-{»s)w and

o
the parameter pq+s-p S+l are omitted and w is equalto 1 or e 1 according

q+
as £ +m is even or cdd.

To familiarize ourselves with the E-function the following relations may be
worth noting; they will, however, not be used here. From the definitions (5)
and (6) of the E-function it is clear that the E-function is immediately related
to the generalized hypergeometric function and reduces to simple expressions in
the ordinary or Gauss hypergeometric function when p=2, gq=1. For p=1

and q =1 it is also evident that the E-function reduces to the confluent hyper-

geometric function or Kummer's function. The case p =2, q =0 yields the

relations {see [1], p. 351].

cosnw E(lz’ +n, %-—n 1. 2z) =N(27z) eZKn( z), (12)

1
L L o oL L -k 2°
E(Z-k+m, Z—k—m.. z; = I‘(Z—k—m) I‘(Z-k-i-m) z e W

eml® (13

where KV( z) and Wk m( z) are the modified Bessel function of the second kind
b

and Whittaker function. Also it is immediate from the definition of the E-function
: s -1/z

that tor p = g = 0 the E~function is just e

1

E(..2) =e z (14)

and we have

More complicated parameters in the E-functions lead to the equivalence of the
E-function with products of Hankel functions, with Lommel functions aund with

products of Whittaker functions. Some examples of this are:

1 1 1
K(z2) =Z—T}..Ll‘ i—E(ly El"" -

i,-i

..l 2 iwm
B gx €), (15)

to [—
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5

M E 0 52 (5 2 5 2 2 cos v P Evit-v, L1003 (16)
v v 2 2
Ll 111 1 -lx
8, ¥ ={N(5 -Fu-5v) m3 LA
1 1 1 1 1 1 1.2
kE(l,Z-Zp-i—Zv,Z-—Zp.—ZV xX) (17)
W, (x) W (x) -
k, -k, 21rs/z
1 1 1 1 2 iw
LS, S+m S-m:=x"¢
1 YTe22 2 ’ 2 4 .
XZ, E—E! (18)
i,~i {_ l1+k, 1-k
4
. . oy - 2,x,2k
Wk’m(21x) Wk,ml 2ix) =« (2)
. 2
1 ) B r%«k—:—m,l'-k—m,-12-—k,l—k‘.'%—-‘,
X{I‘('?j-k+m) l"(*z-—k-m)} “E[ -J
1-2k
i) _m L
2 4 - 4
“HK Xe }K xe4 -_-23HL 31r2 s 19)
2v 2v
Ly 11 1 11 x* im
Xaiz.l'l-}) —2'p+v,5p-v,zp,5p+-£,l..zze . (20)
’

§2. Proofs of the integrals.

To prove (1), apply (4) to replace KH( N X)\ ) on the left of (1j by

e
1 s-2 {s [ S B X \‘-s
7 J 2 P\“E‘Lz) r(E"z) M ds

Then, on changing the order of intecration and evaluating integrals by means of

(3), the multiple integral becomes
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L o872 rz+5) ng -8« m-1

2ni
Z k -2m +1
m-1 kr+s-2 s kr v, s kr v r=l
XD TG ) TGy ) ds =2 "
B _ﬁ m-1 k v k v 2 ¢
/- it o (nL+LFop D~ -~ -8 HE) " ag
r=l i
m-1
Z k -2m+1
r
r=l B E
=2 x5 [TE - ntog
m-1 k, Vv k v 2 . _img  -im§
mAR(5 5 -8 N5 -5 - 0335 —2—1r¢) r-ga
r=1 4

where we have used the relation

r{g) r(l-§) =

n*n'#

Now apply (9) with p=2m +1, g =0 and so obtain (1) .
Again on substituting for K;J.( xkl. .. Km-l) on the left of (2) from (4) and
changing the order of integration as before, the multipie integral is found to be

equal to

" s u m-1 kr—s-Z kr v
+2)r(-5-2)r131{2 D5+ -

CR(7}

)

X5 [T +8) (L)

m-1 k v k ¥ -2 ¢

L,.-L_ __~— —
x I {H(5+—5 -6 r( -8} (S Jem=a)  dt
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and on applying (11) with m = 2, g=4£ =0, the expression on the right of ( 2)
is obtained.

§3. Pariicular cases.

2
In (1} take krzTnI;’ vr=p(r=l 2,...,m-1) and it becomes
2r

m-1 o0 ——-1

I h K()\)dk K( )\ ) =

r=1 0 l" m-1

_,m 1 1.,p g 1 g om-l n

=2 XZW,Z,iE(2’2+m""’2+ =, -5,
i, -i

k.1 _k o om-] . iwm_x

2T m e 27 o e ZZm) ’

P

Now apply (8) with p=3, q = 0, q =", a, = % %, then the last
expression becomes

m-~1 w%’nr-—l -1
n [ K, (N) dN K (5 By =
r:l 0 r looo m—l
. 1
1 1 .. itmx . m-l m
P iZ__i E(L, 5 2 B "kl e J=ml UK (MDY, by (15)
b
Thus we have, if x>0
m-1 002‘5-1 ) L
m m- m
m [ A" K (A) ar K ( J=m" K (mx™) . (21)
r=l "0 r [V r >\l 'hm-l mp

Formula ( 21) is a generalization of Hardy' s formula {m = 2)

([5], p. 190)
namely

0

X
{) RN K () dh=wk, (2v(x)) (22)
where >0 .,
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r 1
In (1) take krz;n-’ p:vr=t-£(r=l, 2, ..., m-1), apply the formula
STy X
K*L(x) -w(ZX)e s (23)
T2
and it becomes
X
r - 1 1 1
m-1 oo -\ —-1 A...A =-m -—m =
1 f e rxm dx e 1 m—l=22 1:2 x2
r r
r=1 0
1 1 1 1 1 1 1.1
X217 Z_ii B(4, 4,4+2m,- 'rzm,...
b
2
1 m-1 1l m-l 10 ST
s gt Tyt b gy)
1
21 v L 1 1.1 l,ml .. =
=X 217_2 e e e A T R
i, -1
1 1 i , m-1 iw
=XE‘;.Z""E(-1,—IT_’, . ,-—l-.-'—n—l",l. e Xx)
i,~-i
-I-(m-—l) m'lE im 1;
= x (2%) m E(-m, 1.. e x m)
by (8) with « = -1, arZ:-;l—, q =0 , and so we obtain
X
@ -\ #—1 w -y, Bl T M
e "2 an...fe AT ax e m
1 1 m-1 m-1
0 0
1 1 L
20D 7 ™
= (2m) m e (24)

where x is real and positive.

Again in (1), take m =2, and expand each E-function on the right of (1)

by means of (5) and combine the two resulting expressions, so getting,

#541 -9-




o0
¥k Eyan = ) 2% Ly o
v B A
0 B, —1

kip+v
2

k+u-v)

) T(*2

2

k+v+ Y+upu-v x

-1 _Ravap &IV X
XoFall 1y 1-757, 1257 °=)

~k-2v-3 ~ktp-v, _ —k-p-v. ki
-:-Z 2 v r{-v) I{( ;vl I ng)x Y

v 14

P

2
iy k-vip kitptv  x°
X Fall+v, 14 R > T (25)

where X >o and each of the symbols Z s Z has the same
Byt v, -v

meaning as before.

In (2), take m =2, and get

[ee)
f k1 K (M) K (xN)d\ = k-3

Y x M Ry ey o,
By, —B

k+v-u) k-v-u
2 ) 2

2
F( y 1-p; x7)

271
Now sum the two hypergeometric series of Gauss by the formula

~a I'(c) r(b-a) _ _ .
I(b) C(c-a) 251{3 ©b, a-b+1; 77

F(a,bic;2) =), (l-z)
a,b

where Iarg( 1-2) | <m, ( 25)

and so obtain Titchmarch's formula ([6] p. 98) namely
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o
S o0 K ean = 2573 {roa )
0

K+t kip-v ktv- K—p—
e Y e R
k+ptv  kiv-p 1 ,
_,_Pl( 5 5 o ;ksl-;'z’) s ( 26)

where R(kxp =v)>0 and x is real and positive.

In (2) take m = 3, and obtain the double integral

f°°f°°kl—l kz-l
A K (N A K (X)) K (xAA,)dAdM
172
00 1 ) 1" 2 v, 2" p 1271
13
k. +k, -5 -
=2 1 2 T Z cosec( p7) (J.6x2)
By B
- - - -— -—t - =3
< kl-i-vl n kl v ]<2+v2 B kZ vk e 11r‘l\ (21
2 ? 2 ! 2 ) 2 : 4XZ_J]’
I-p
where
R( kli vy =pn)>0, R(k2 x v, +p) >0, x is real and positive,

§3. Asymptotic behavior of the integrals:

Now we are in a position to find the asymptotic expansicn of the two multiple
integrals (1) and (2) for large and small values of lxl; for the asymptotic
expansion of the E-function is given by Mac Robert ([1], p. 358) .

If p>qg+1l

E(p; o a; G z) ~ the first m terms of the divergent series

I‘(al) r(fp)

1
r(pl)... P(Pq) pPV(p’ Q’r: q; Ps: - Z) +Rm

+1 (28)

#541 -11-




where Rm+l is a remainder which tends to zero as |z|—« and m—w .
And the other functions that occur can be expressed in terms of ordinary
generalized hypergeometric functions whose asymptotic expansions have been
investigated by several writers (Barnes, [ 7] and [8], Wright [9]). However,
an altemative proof for the asymptotic expansion of ithe integral (1) as lxi-*oo

will be established. Thus we shall prove, for large values of le , the follow-

ing asymptotic expansions

m-1 f°° kr-l %
It A K (X)) dx K ( )~
=1 6 T vor r p xl...xm_l
m-1 e
- N 1
Z kr 2m+l ( 2 _l_ 2 _l_[y X +—_m]
i‘zl exp \—Zm(x )Zm (x )Zm g F 2
> m 22m
m-i
2 M M

(27%) 1 2
X G 2 1 +X2 _g_+"‘ , (29)
(—Z—IE)Zm (—;l)Zm
2 2

where the coefficients Ml and M2 do nét depend on x hut are complicated

functions of the kr, Vs B (r=1,2, ..., m-1) ,

m-1 o k-1
1I A K (M) dh K(xN... X )~
=] 0 T v. T r poi m-1
B
2( m-1)k - 2m+l T Z cosec( ) (22m-4 XZ) 2

M, —H
m-1 -1 -V =V -V -V k +v_-pn

m
x 5L |n {rt—F) n—55) n-v) )

r=l v ,-v (j="
r’ rJ

xim \ k +v - ktvime kdvd o om -2
e r r F 2 y > ; 2 X
2m-4 2 2 2" 2m-3
2 X vr+vl vr+vm 1 vr-v1 vV ~v 1
——— - r m_
l+vrl+ > S > > +1, 14 > iJ
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where, for simplicity, we have taken kr =k(r=1 2, ..., m-1, (30}
To prove {29), substitute from (9) for the E-functions appearing on the right,

then it bpecomes

m-1

Ly ¥ ~2mil P(E—s) r(-ﬁ- s) m-1 k+v)
2r=l _ 1 o {r( r I _ S)

2w 1 2
r=1
k—vlr xZ S
n(— -s)}(—;_r—n) ds .
2

m-1

Z "r-2m+1

r=1
=2 R (31)

We next show that
L -m -l?: XZ El; 2
(21°  (2m)® exp{(2m) Cam) -5 [t )(——) ds , (32)
where
o0
S(s) = ), rE+5=-5) (-S4t g)
n=0

m-1 krqwr u kr_vr u

Ill{l"( > +%-s)r( > +£;—s)}
x I~ 2m . (33)

II {IKj;;)}
r=l1

To see this we substitute the value of S(s) in (32), the right hand side

becomes

#541 ~13-




A 3 —_ Y - S
Py f E I‘( + s) IY 2+2. s)
m-1 k +v k -v

r u . r r ,u
+2m-5)r( +2m s) }

X o (xm) ds .
utr 2
I_Il {r( Sm )}

u .
Here change s—s + Er;l and cbtain

_LL am u+r -1
)}

Zmz(

u=0 2 r=1

m-1 k +v k-v 2 S
x Jr5 -5 r(-£-9) 1 {r( S -8 NT5-9) (K —) ds,
r=1 2

which is, in virtue of (31), equal to

L -1

Zm utl  2m-l
E_O[(2 O #4051

We now use (7) with 2m instead of m to obtain

1 1
1 m- 3 > ~(utl)

2

2y (2m) (2m}

Z[( 14 -} 1
20 2Zm T(u+l)

b

which is equal to
1 1
27 TR x> 2m Y
(2m® (2m) 2 ) ftem) (X %My Lo
n=0 4 )
Ll , L
2
= (2m) 2 (2m) Zexp{(Zm)(‘%r;) ™y
2

With (32) established, we utilize the results of Barnes on the asymptotic ex-
pansions of the generalized hypergeometric functions ( see [7], pp. 296-297,
and [8], pp. 80, 108, 110) - for the asymptotic expansion for the expression on
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the right of (32), which holds when x is large and so

p ol
x2 7211;1 x2 .Z—r_n[r-l kr+—2--m]
I~exp {-2m(~5=) }(_Zr—n)
2 2
1
(2)m 2 Ml MZ
nw
x{mm + 2_1_+ 2_;_+"'}
(X—)2m (‘—‘{5-)2m
2Zm 2m

and so (29) is established.
By applying ( 5), formula (30) can be established for large values of x .

Of course the leading term in the asymptotic expansion of ( 29) is

k-1
Z kr- 2m+l 1 1
r=l G <2 \7m
2 (2m) exp {-2m(-—5= )" }
22m
m-1
1 N 1
2 2_r-n [ Z" kr + E B m]
x (=) r=l ( 34)
22m (-

2
We now consider the specizl case kr =;r and v, = p(r=1,2,...,m-1) !

and show that the result (34) agrees with the asymptotic axpanzicn of Kmp.(mxm)

2
which appears on the right of ( 2l) . We substitute kr =an-, V=R (r=12,...,m-1)

in (34) and it becomes

#541 -15-




1 1 1
m- = -5 2 o=
2m—-l--Zm-!-l ( 27) 2 (2m) 2 exp {-2m( X )Zm}
22m
1 1
: X2 )zm(m-l-r > m)
2Zm
S S R | , L _1
=2 m % (m 2<—3x.r>{-2m(“x3-)Zm}x 2m
,2m
_ Trm-—l 1 o xl/m
- 7 ’
'\II( ZTrxl m)

which agrees with the asumptotic expansion of the right hand side of ( 21)

because

—1 —
K}L(X)N m e as le 0 .,

Again we can write the asymptotic expansions of the integrals (1) and ( 2)
as lxl —~ow , Tor the asymptotic expansion of (1) as |x| — o is obtained by
excanding each E-function on the right by means of (5), and combining the
two resviting expressions by factoring out common terms.

The asymptotic expansion of the integral ( 2) can be written at once in

virtue of ( 28) in the form

-16 - #541




m-l «© kr~l
A A A A ... ~
rl;[l fO r er( r) d r Kp.(xxl 2 )‘m-l)

m-1
E k -2m+l [- -k
ot 2m-2 2. 2
2754, "Z cosec pw(2 X )
B, i
-1 - _—y -
m k +v -p kr v R

{r(5—) =5}
r=]

(1 -p)

kl-vl-p. k -i-vl—p~

1
F > s
2m-2 1

#541

(35)
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